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Chuong 4: GIO1 HAN
§2. GIGI HAN CUA HAM SO

GIAO KHOA
1. Dinh nghia va mét sé dinh li vé gi¢i han ciia ham sb

1. Giéi han cia ham so tai mt diem
a. Gioi han hitu han

Gid sir (a;b) 1a mot khoang chira diém x, va f 1a mot ham sb xdc dinh trén tap hop (a;6)\{x }.
lim £(0) =L < O(x,),x, O(a;p)\{x,} On ma limx, = x, tacé lim £ (x,) =L
Nhan xét:
}iqng C =C (C 1a hing sd)
limx=x,

b. Gioi han vo cuc
Gia su (a;b) 12 mot khoang chira diém x, va f lamot ham s6 xdc dinh trén tap hop (a;b) \{x{,} .

lim f(x) =+ = O(x,),x, O(a;6)\{x,} On ma limx, = x; tacé lim f(x,) = +oo

X - Xy

lim f(x) =~ < O(x,),x, O(a;6)\{x,} On ma limx, = x, tacé lim f(x,) = —c

Yo
2. Giéi han ciia ham s tai vo cuc
Dinh nghia (xem sdch gido khoa nang cao trang 148)
Nhin xét: Voi moi sb nguyén duong k, ta c6
lim x* = +oo

X — +0o

lim x
X - —00

. _ |+oonéuk chin
—oo néu k 18
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3. Mot so6 dinh Ii vé giéi han hitu han
Pinh li: Gia st lim f (x) =L va limg(x)=M (L,MOR).Khid6

lim[f(x)0+g(x)]:L+M0
fim[f (x)=s(x)]=L-M
lim[[f (x).g (x)]= .M
lim[ C.f (x) ]= C.L (Clahang s6)
hxgﬁzﬁ(mo)

lim|7 ()\ 1

lim 3/ f =31

X = X

Néu f( )>O DxDJ\{ } (J 1a mot khoang nao dé chtra x,) thi L=0 va lim ./ f(x) =JL

Dinh 1f van ding khi thay x — x, boi x — +00 hodc x — =00,
I1. Giéi han mét bén
1. Giéi han hitu han
*  Gidi han bén phdi: Gia st ham s6 f xac dinh trén khoang (x,;5)(x, OR)
hm f(x)=L = O(x,),x,0(x,;0) On,limx, =x, ta c6 lim f(x,) =L

*  Gidi han bén trdi: Gia sit ham s6 f xéc dinh trén khoang (a;xo)(XO DR)

hmf(x) L < U(x,),x, D(a xO)Dn limx =x,tacé lim f(x )=L

Nhan xét:
e limf(x)=L = hm f(x)= hm f(x)=L

e Cécdinh1i vé gioi han hitu han van ding véi giéi han mot bén.
2. Gi6i han vo cuc
Dinh nghia (twong ty dinh nghia gidi han hitu han)

II1. Mt vai quy tic tim giéi han vo cue

Dinh li: Néu lim|f (x)| =+ thi lim Lo

XX, X-x, f(_x)
Quy tiic 1: Néu lim f(x) =z, lim g (x)=L#0 thi lim [f (x)] duoc cho trong bang sau:
}1}? f(x) Dau ctia L lim I:f (x)g (x)]
+00 + +00
00 - —00
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—00 + —00

—00 - +00

Quy tic 2: Néu limf(x) =L#%0, 1img(x)=0 va g(x) >0 hoac g(x)<0 voi moi xDJ\{xo} , trong d6

J 1a mot khodng nao d6 chtra x, thi lim % dugc cho trong bang sau:
)Caxn g x
, r . X
Daucua L Dau cua g (x) lim f( )
g ()
+ + +00
+ - —00
- + —00
- - +00
viDu
Vidu 1. Tim céc gidi han sau:
2 _ _ 2
a) lim(x lj b) lim(4 a j
x--31 x+1 =20 x+2
+ —
o) lim| YX*3 73
x-6 x—6
Loi gidi:

=lim =lim— =

1
x—6 x-6 (x—6)(\/m+3) x*6(\/m+3) 6

c) lim(\/x_+—36_3J:£if2 (\/X+3—3)(\/x+3+3) =6 {

Vi du 2. Tim gidi han cdc ham s6 sau:
42 P —5x* +3x+
2) limx2 x =72 b) m > 45)( 23x 9
x-3 x° =2x -3 x-3 x —8x" -9
—5:2 4446 4 4
&) lim 22X *Ax d) lim=—2
x-1 (l_x) X-a X—a
Loi gidi:
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xt-x'-72 . (x—3)(x3+3x2+8x+24)_ . xXP+3x7+8x+24 51
a) lim =lim =lim ==
x-3 x7 =2x—3 3 (x+1)(x—3) x-3 x+1 2
35,2 -3)(x* -2x-3 -
SPEGRE S T N )| Gl ) IS st
=3 x*'=8x* -9 “3(x—3)(x3+3x2+x+3) 30 430+ x+3
. x=5x" +4x° (x_l)(4x5+4x4+4x3+4x2—x) . AX +4xT 4407 +4x7 —x
¢) lim — =lim > =lim =00
vl (l—x) vl (l—x) x—1 (x—l)
4 _ g - ‘taxt +a*x+d’
d) lim>—¢ :lim(x a)(x @ et a)=1im(x3+ax2+a2x+a3):4a3
X—-a x—a X—-a x—a X—-a

Vi du 3. Tinh céc giéi han sau

2 1 1 3
a) lim - b) lim -
) xél(xz—l x—lj )xﬂl(l—x 1—x3j

1 4
¢) lim +
-2\ x+2 x* -4

1
2
l+x+x")-3
b)hm( ! 33j:ﬁm (rxe)=s | Je#2) |y xt2 j:—l
x-l l—x 1-x x-1 (1—x)(1+x+x2) x-l (1 x ]+x+x x-l 1+x+x

1 4 : x—2+4 . 1

¢) lim +—— |=lim| —F——= | = lm——=——

=2\ x+2 ¥ -4) 2 (x-2)(x+2) | 2x-20 4
Vi du 4. Tim gidi han cdc ham s6 sau

2) mYr 32 by lim 2 Y<+2

x-7 49 — x? -2 x7 =3x+2
N2x+7 -3
o) lim—————
=10 —4x° +3
Loi gidi:
39 bu—3—2xe—3+ﬁ | |
a) im———— =1lim =lim =

STA9-xt (=3 42) (7o) (T+x) 7 (74a)(Vam3+2) 56
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o i 222 (2-Va+2)(2+Vx+2) . . 1
It =32 R (p-)(x-2) (24 F2) R (x-1)(24Waw2) 4
T B (V2x+7 -3)(V2x+7 +3) . ) 1

o1’ —4x7 +3 }T(x—l)(x2—3x—3)(\/m+3) x“‘(x2—3x—3)(\/m+3) 15

Vi du 5. Tim giéi han cdc ham s sau
a) lim _Yxrl b) lim-— Vi-x

x--12x° +5x+3 $-0 2x +x?

. x+12+x x -1
¢) lim ~————% d) lim—————

-2 x"+2x x-1 x> +x° =2

Loi gidi:
o (1) 3141 1

a) lim =1 —hm =1

e esxes 1%(x+1)(2x+3)(yx—z_y;.1+1) = 2x ) (U o)
i (1—%/@)(1+%/ﬁ+9/(1—x)2)

b) im———— =1lim = lim

1
SO 2xHat el x(x+2)(1+\3/1—x+13/(1—x)2) **°(x+2(1+\/1 x+3(1- xz) 6

Pox+12 +x (\/3 2x+12 +x)(.3/(2x+12)2 - x32x+12 +x2)
¢) lim > = lim
-2 xt+2x -2 x(x+2)(\3/(2x+12)2 - x32x+12 +x2)

~ lim (X+2)( 2‘2”12) . X =2x+12 __5
A x+2 (\/(2x+12) —x\/2x+12+x) x”_z(\/(2x+12) -x32x+12 +x) 6
S 1 10
ez e (x—l)(x2+x+2)(4/;+l)(\/;+1)
= lim [e=)(Vee) = lim ! -1

= (x-1)(a? +x+2)(<‘/§+1)(\/}+1) (e +x+2)(</§+1)(x/§+1) 12

Vi du 6. Tinh céc gidi han sau

CoAx? =3x+2x NP+ x+2+3x+1
a) lim ———— b) lim
reme o 3x—1 o JAxt +1+1-x
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xvx+3

¢) lim
X - +00 XZ +1

a)ybat x=-r.V&i x > —0 = =+

3
- 72 i+30-2

2’—
Khi d6 lim Y5 3%*F2% _ o li _1
e 3x-1 e 3—] e 1 3.0 3

1 2 ]
2 Fx 243041 I+t 543+
b) lim XX % X~ im X X X =4

X - 0 2 _ X — 400
Va4x* +1+1-x /4+12+1_1
X X

bat x =—t.Véi x - —0 =t = +oo. Khi d6

N HxH2+3x+1 L NP -2 -3t+1
lim = lim = lim =——

X o —0 2 _ _za+oo 2 t - +oo
Vax*+1+1—-x VA +1+1+¢ /4+1 1+1
t

7+7
2
1,3
. . x x> _~NO+3.0 _
¢) lim lim = =0

t
X - too 2 X — too 1
S P 1+0
X

XNx+3 _

Vi du 7. Tinh céc giéi han sau

a) lim(\/x2—3x+2+x—l) b) lim(\/x2—3x+l—x+3)

X — *oo X — foo

Loi gidi:

X - =00

a) Tacd lim (~\/)c2 -3x+2 +x—1) = 400

_1+l

—x+
lirp(\/x2—3x+2+x—1)=lirp\/27)” = lim =
X =3x+2-x+l1 _/1_§+2_1+1
X X

b)Tac lim (\x* =3x+1-x+3) = lim (—x)( h-24L +1—3J = o0
X oo X X X

lim(\/x2—3x+1—x+3)=lim= 3x—8 = lim -3 .3
e o =Bl (x=3) ol 3 3 J1+1 2

Truong THPT Nguyén Cong Trir - T6 Toan Trang 6



NOI DUNG HOC TAP TRUC TUYEN — MON TOAN - KHOI 11

Vi du 8. Tinh céc gidi han sau

a) lim (\/4x2 —x+3 —2x+1) b) lim (sz +1 -3 —1)

X — *oo

Loi gidi:

a) Ta ¢6 lim( 41 —x+3—2x+1)=—

X — too

+
3x+2 ~ lim X _ _

lim( 4x2—x+3—2x+1)=lim - Ja %
™ -t J4x —x+3+(2x—1) - \/4_1+3+2—1 4 +2

b) Tacé lim (sz +1 -3 —1) = lim (\/x2 +1-x+x-3x —1)

X — too

X — +oo

1
= lim =0
A RVES +1+x X+ 23X —1+,3[ x —1
Vidu 9. Tinh céc gidi han sau
2 - X
a) lim X -4 b) lim | |
-2 x—=2 x-2" 2X -5x+2
[2- 4
¢) lim
w2 2x* =5x+2
Loi gidi:

VX x+2 _
= lim = 400

x=2 x=2"\Nx—=2

2-x| . x=2 11
b) lim m im -
2 207 =5x+2 a2 (x-2)(2x—1) -2 2x-1 3

a) lim

x-2"

|2 x| . 2-x 1 -1 __1

1 1 = lim ———
O e Tsxr2 R m2)(2rD) e 2x-1 3

Vi du 10. Tim céc gii han ciia cdc ham sd tai cdc diém chi ra:
2 i x50
2 f(x)=]37% tai x =2
X 710 i x<2
-
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Loi gidi:
2 -2
a) hmf( )—11 X~ 2x = lim x(x ) =-lim — X =-= 2 =1
X2 =2 8=y’ e (2-x)(442x0+x7) X X H+2x+4 2042244 6
4 _ x=2)(x+2)(x* +4
limf(x)=limx—l6=lim( )(x2) )=lim(x+2)(x2+4)=4.8=32
x-2" x-2" x—=2 x-2 x—=2 x-2"
= lim f (x) # lim f(x).. Do d6, khong ton tai lim f (x)
X2 X X
- -1(x-2 - -
b) lim = lim - f“zznm(x e=2) _px=2_ 172 1
xo1* x-1" X —1 xo1t (x—l)(x+1) X41+)C+1 1+1 2
. . —x__l
fim f (x) = fm =7
N o 1 . 1
Nhan thay lin(x)‘lﬂnﬂf(x)‘_E‘DOdo lxlzrllf(x)——a
Vi du 11. Két qua gi¢i han L = lim S.2% —7¥*12 Iﬁ,vd' 9 12 phan sé t6i gian. Tinh gid tri cia
e 3|4 =17 b b
biéu thirc P =a’® +b’
a)7 b) 5
)9 d) 13
Loi giai
712
2P —Txt12 \/xz(Z—x+xzj x| 2—1+%
Tacé L= lim > —"*7"% = |im = li XX
e 3A =17 e 3| -17 = 3|x =17
-X 2_ +£ +2
. Palr S o
xome =3y — 17 Jm, 3+1l 3 b b=3
X
Chon D
x> +ax+b-1_3
Vi du 12. Cho gidéi han 11rr112—1—5 Gi4 tri ctia biéu thirc T = a” +ab la:
X X -
a)T=0 b) T =2
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c)T =4 dT=-2

Loi gidi:
bit f(x)=x'+ax+b-1= f(1)=0
o _ C tax+b-1_ . (x-1)(x-x)_ . x-x _3
Khi dé f(x)—(x—l)(x—xo)zlgzr}T—lg}T—lgr} 1 2

1‘2% =%:>xo =-2= f(x)=(x-1)(x+2) =¥ +x-2=a=1;b=-1=T =0. Chen A

~

) ) 3x2—(3a+2)X+b e e .12 , 2 2 9
Vi du 13. Cho gi6i han lim =4.Giatricuabiéuthuc T =a” +b° la:

x-2 x> =3x+2

a) T =90 b) T =80
)T =16 d) T =20
Loi gidi:

bt f(x)=3x"+(2a+1)x+b= f(2)=0
3x2—(3a+2)x+b ) (x—2)(3x—m)

Khi dé: f(x)=(x—2)(3x—m):>£1£13 2 3r12 =£1£13 (x—2)(x—1) =4
= lim3x_m=4 = 6-m=4 o m=2

x-2 _x—l

Suy ra f(x)=(x—2)(3x—2)=3x2—8x+4:>{z ,=T=20.Chon D
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